Abstract. In this paper, we propose and analyze perfectly matched absorbing layers for a problem of time-harmonic acoustic waves propagating in a duct in the presence of a uniform flow. The absorbing layers are designed for the pressure field, satisfying the convected scalar Helmholtz equation. A difficulty, compared to the Helmholtz equation, comes from the presence of so-called inverse upstream modes which become unstable, instead of evanescent, with the classical Bérenger's perfectly matched layers (PMLs). We investigate here a PML model, recently introduced for timedependent problems, which makes all outgoing waves evanescent. We then analyze the error due to the truncation of the domain and prove that the convergence is exponential with respect to the size of the layers for both the classical and the new PML models. Numerical validations are finally presented. 1. Introduction. Perfectly matched layers (PMLs) were introduced by Bérenger [3] in order to design efficient numerical absorbing boundary conditions (more precisely, absorbing layers) for the computation of time-dependent solutions of Maxwell's equations in unbounded domains. They have since been used for numerous applications, mostly in the time domain [4, 28, 5, 23] but also for time-harmonic wave-like equations [27, 15] .
Introduction. Perfectly matched layers (PMLs) were introduced by Bérenger
in order to design efficient numerical absorbing boundary conditions (more precisely, absorbing layers) for the computation of time-dependent solutions of Maxwell's equations in unbounded domains. They have since been used for numerous applications, mostly in the time domain [4, 28, 5, 23] but also for time-harmonic wave-like equations [27, 15] .
In particular, PMLs have been used for the solution in the time domain of the linearized Euler equations [19, 13, 16, 26] , which model acoustic propagation in the presence of a flow. In this case, it has been observed that PMLs can lead to instabilities, due to the presence of waves whose phase and group velocities have opposite signs [26] (see [2] for a general analysis of this phenomenon). Some techniques have been developed to overcome this difficulty, making the layers stable but, unfortunately, no longer perfectly matched [16, 1] . More recently, ideas for designing stable PMLs for this problem have emerged from several teams independently. These new approaches, which seem to be very closely related, have been developed for time-dependent applications in [20, 11, 14] and for time-harmonic applications in the present paper. These different works all deal with the case of a parallel flow, which is orthogonal to the layers.
We are concerned with the propagation of acoustic waves in a duct in the presence of a uniform flow. For such a mean flow, thetime-harmonic linearized Euler equations reduce into a scalar convected Helmholtz equation for the pressure. In this particular case, one could, of course, use a Dirichlet-to-Neumann (DtN) operator to obtain an equivalent problem in a bounded domain. However, the PMLs, being local, are easier to implement, and we intend to extend this method to vectorial cases, involving more general flows in a forthcoming paper.
When applying the classical (i.e., Bérenger's) PMLs to the convected Helmholtz equation in a duct, a simple modal analysis shows that the presence of the so-called inverse upstream modes produces an exponential blow-up of the solution in the space variable. This is easy to see, remembering the interpretation of the PMLs as a complex change of variable [8, 24, 10, 9] . This change of variable corresponds to a similarity applied on the axial wave numbers of the modes. For the classical Helmholtz equation, this similarity makes all outgoing modes become evanescent. But in the presence of a flow, the transformation sends the inverse upstream modes into the "bad" part of the complex plane, leading to the instabilities observed in the time domain.
The idea proposed here, which is similar to those developed independently in [20, 14] for time domain applications, consists of applying a translation before the similarity to the axial wave numbers. This removes the unstable modes. We will call the PMLs thus obtained new PMLs.
The object of this paper is the analysis of the convergence of both PML models as the thickness of the sponge layer tends to infinity. Similar convergence analyses have already been carried out for the Helmholtz equation, via boundary integral equation techniques in [21] or using the pole condition in [18] . Surprisingly, we prove that, for the convected Helmholtz equation, the two models always converge. In other words, contrary to time domain applications, the presence of unstable modes does not affect the efficiency of the classical PMLs.
Finally, let us emphasize that in most papers concerning PMLs for time-harmonic applications, coefficients are designed in order to satisfy requirements established for time domain applications. We show that this choice is too restrictive: for instance, the particular dependence of these coefficients regarding the frequency has no more justification for the present case.
The outline of this paper is as follows: the equations of the scattering problem are presented in section 2. A formulation in a bounded domain is given, involving DtN conditions on the fictitious boundaries, which are known explicitly through modal expansions. Finally, the well posedness is proven using Fredholm theory.
Classical and new PML techniques, with constant coefficients, are described in section 3. A modal analysis indicates that these layers are "perfectly matched." Besides, they are absorbing, except the classical PMLs in the presence of the so-called inverse upstream modes.
Section 4 is devoted to the analysis of the error due to the truncation of the layers. An equivalent formulation of the problem with PMLs is written in the physical domain, the thickness of the layers appearing in the expression of the DtN maps. In this way, we prove that both PML models converge to the physical solution, as the length of the layers tends to infinity. More precisely, the error in the physical domain does not depend on the PML model under consideration and decreases exponentially fast for both models. Note, however, that classical PMLs lead to an exponentially large solution in the layers, whereas the solution computed with new PMLs is evanescent in the layers. Extension to the case of layers with spatially varying coefficients is discussed in section 5, and numerical illustrations are given in the last section.
2. The physical and the mathematical models.
The problem in the infinite duct.
We consider an infinite rigid duct carrying a mean fluid flow; see Figure 1 . The problem is two-dimensional, set in the xy-plane, where the x-(resp., y-) axis is parallel (resp., normal) to the walls of the duct. Mathematically, the duct is defined by the unbounded domain Ω = R × [0, h], where h denotes the distance between the rigid walls.
To describe the propagation of acoustic waves in the duct, we assume the following approximations to be valid:
• The fluid is homogeneous, nonviscous, and nonheat conductive.
• The thermodynamic processes are adiabatic.
• The mean velocity v 0 is subsonic and uniform.
• The perturbations are small, and equations are linear in the acoustic quantities.
• A harmonic time dependence exp(−iωt), ω > 0 being the pulsation, is assumed (although this factor is suppressed throughout). The acoustic pressure field p(x, y) then satisfies the convected Helmholtz equation in the infinite duct:
where f ∈ L 2 (Ω) is a compactly supported function and M = v 0 /c 0 and k = ω/c 0 are, respectively, the Mach number (−1 < M < 1) and the wave number, c 0 being the sound velocity in the fluid. In addition to (2.1), the pressure satisfies the Neumann homogeneous boundary condition on the two rigid walls of the duct:
To obtain a well-posed problem, a "radiation condition," which selects the "outgoing" waves, needs to be defined at infinity. This condition is nonlocal and is given in terms of the DtN operator. This requires the introduction of the so-called modes of the duct, which are the solutions of (2.1)-(2.2) in the absence of a source (f = 0) and with separated variables. These are given by
and where the axial wave numbers β ± n are the solutions of
Let us introduce
n is real and equal to
In this case, p The axial wave number β ± n is complex if n > N 0 :
In this case, p ± n is exponentially decreasing when x → ±∞ and is called an evanescent mode.
Reduction to a bounded domain.
We now want to select the outgoing solution (2.1)-(2.2), which corresponds to a superposition of p + n (resp., p − n ) modes when x → +∞ (resp., x → −∞), i.e., either to the propagative modes with a positive (resp., negative) group velocity or to the evanescent modes.
To derive the appropriate DtN boundary condition, we introduce the bounded domain Ω b , located in between two boundaries Σ ± , respectively, located at x = x − and x = x + (see Figure 2) , such that the support of the source f is included in Ω b :
We set Ω ± the complementary domains
The solution p of (2.1) then satisfies the homogeneous equation
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The DtN operators T ± can then be defined as
and we have the following boundary conditions on Σ ± for the solution of (2.1):
where the vector n denotes the unit outward normal to Σ ± .
Having established exact boundary conditions satisfied by p, we can now define a problem in the bounded domain
The fact that f is compactly supported in Ω b shows clearly that problems (2.10) and (2.1)-(2.2) are equivalent in the sense of the following proposition. An equivalent weak form of system (2.10) can then be written as follows: find
where the sesquilinear form a 13) where the brackets ·, · Σ+ (resp., ·, · Σ− ) denote the natural duality pairing between
, and
It was shown in [6] that this problem is of Fredholm type. By the Fredholm alternative, problem (2.11) is well posed if and only if the homogeneous problem has no solution except the trivial one, p = 0.
Theorem 2.2. The problem is well posed if and only if
Proof. Suppose that p is a solution of (2.1)-(2.2) with f = 0. Then there are complex constants A
with definitions (2.3) through (2.6). Boundary condition (2.9) then gives
and ϕ n (y) e iβ + n x is a nontrivial solution of the homogeneous problem. In what follows, we assume the problem is well posed, which means that (2.15) is satisfied.
3. The PML model. The PML model introduced by Bérenger for the timedependent Maxwell equations can be constructed using a complex change of variable in the frequency domain, as shown in [8, 10, 9] . We use this same approach in the present paper. This is closely related to the technique known as dilation analyticity for the study of resonances [17] .
In this section, we briefly recall some properties of the classical PML formulation for the Helmholtz equation. Note that in the context of propagation in a waveguide the interpretation of the method relies on the modal approach instead of the usual plane wave approach. This modal analysis allows us to point out the origin of the instabilities in the presence of flow and leads naturally to the introduction of a new model of PMLs as a remedy.
Modal analysis of Bérenger's model in a waveguide.
The purpose of the method is to provide a fictitious, absorbing medium such that its interface with the "physical" bounded domain does not reflect any outgoing mode. Transposing Bérenger's formulation in the frequency domain from its original setting in the time domain consists of making the following substitution:
where α is a complex function taken to be
with σ(x) a real, positive function such as σ(x) = 0 (and therefore α(x) = 1) in Ω b , the derivative with respect to y being left unchanged.
In the case of the Helmholtz equation, we obtain
Note that the writing of this equation in the weak sense implies the following jump conditions at the interfaces between Ω b and the PMLs:
For the modal analysis in the waveguide, we now assume that α(x) is a constant in Ω \ Ω b , which we still denote by α for the sake of simplicity. In other words,
For any α, the interface between the PML and the physical domain is perfectly transparent, and we will see that if α is well chosen, the transmitted waves decrease exponentially in the layer.
Classically, the modes in a waveguide are given by
where functions ϕ n , for all n ∈ N, are defined by (2.3) and axial wave numbers β n are solutions of the dispersion equation
such that β n > 0 for the propagative modes and Im(β n ) > 0 for the evanescent modes.
Referring to subsection 2.1, note that
with the Mach number M taken equal to zero in the definitions (2.5) and (2.6) of β ± n . In the same manner, one can define the modes in the PML as
If α satisfies the hypotheses
n,α is exponentially decreasing as x → ±∞ for any n corresponding either to a propagative or to an evanescent mode. It is now straightforward to show that an incident mode p + n generates an evanescent transmitted mode p + n,α in Ω + and no reflection at the interface Σ + . Let us stress that assumption (3.8) is the only requirement on α to obtain a PML. Surprisingly, the fairly restrictive choice (3.2) seems to be used in most time-harmonic applications.
The new PML formulation for the convected Helmholtz equation.
A natural idea for designing a PML for the convected Helmholtz equation, already used in the literature for applications in the time domain, is to apply the technique described in the previous subsection. It has been observed by several authors that this approach leads to instabilities in the time domain [19, 13, 16, 26] . The presence of instabilities have been explained in [2] , thanks to an analysis via group velocities. In the context of a duct, this phenomenon can be easily understood using the modal approach.
As in the no-flow case, the axial wave numbers β ± n,α of the modes p ± n,α in the PML are given by
This can be illustrated by representing the β ± n and β ± n,α in the complex plane. We clearly notice in Figures 3 and 4 that the transformation
due to the change of variable used in the PML, is a similarity of ratio (3.8) . This is illustrated in Figure 5 , the third propagative downstream mode of the case presented being an inverse upstream mode. This leads us to the conclusion that the PML model does not produce any unstable (i.e., exponentially growing in the layer) modes if all the axial wave numbers β n,α for the propagative downstream (resp., upstream) modes are strictly located in the upper (resp., lower) half of the complex plane.
Guided by the previous geometrical interpretation, we apply a translation in the complex plane prior to the similarity which moves all the β + n,α 's corresponding to the inverse upstream modes in the right half-plane and keeps the β − n,α 's associated with propagative modes in the left one. Such a transformation is equivalent to the following substitution in (2.1): with λ ∈ R. The resulting axial wave numbers are now given by
Although λ could be chosen from among several values, the most appropriate choice is the following:
This value corresponds to the real part of the wave number of each evanescent mode, and, for any α satisfying assumption (3.8), the β ± n,α,λ * 's are well located. Other choices for λ would require further restrictions on α in order to ensure that the β n 's associated with evanescent modes also stay in the "good side" of the complex plane (see Figure 6 ).
We denote in the following by λ(x) the function defined by
Finally, the equation in the new PML medium can be written as
where the function α(x) (resp., λ(x)) is defined in (3.5) (resp., in (3.11)) with λ ∈ R and α ∈ C satisfying assumption (3.8). Writing this equation in a weak sense implies jump conditions at the interfaces between Ω b and the layers:
Remark. This new change of variable can also be used to derive stable PMLs in the time domain, as is done in [20, 14] . We denote by Ω L the truncated domain and by Σ L ± the external boundaries, presented in Figure 7 . For simplicity, we choose to use homogeneous Dirichlet boundary conditions on these boundaries, but the analysis done in the following would still be valid for the natural boundary conditions α
is clearly compact (from the compactness of the embedding of
To check this, it suffices to take the real part of b L (q, q):
where, because of assumption (3.8), C is a strictly positive constant depending on the complex constant α and the Mach number M : 
where T L ± are operators defined as follows:
Note that values ν ± n (L) are well defined, because of assumption (2.15).
is a solution of (4.3), then it can be extended in a unique way to a solution of (4.1).
Proof. The key idea for reformulating the problem as a problem posed in Ω b is to write an exact boundary condition satisfied by the solution on the boundaries Σ ± . We define the complementary domains Ω
satisfies a homogeneous equation in these domains, it can be given as a modal expansion. Consider, for instance, the solution in the right domain Ω L + . Using the Dirichlet boundary condition on the external layer boundary Σ L + , the solution can be written as
where we have denoted γ ± n = β ± n,α,λ , for the sake of clarity, and
We check easily that these quantities are always defined. Actually, the denominator would vanish if there existed an integer n for which (γ
n is never zero. Furthermore, with α satisfying assumption (3.8), (β + n − β − n )L/α always has a nonzero imaginary part and thus cannot belong to 2πZ. We then write an exact boundary condition satisfied by p
Using the jump conditions (3.13) and relation (3.9), this yields an exact boundary condition satisfied in the interior by p
where T L + denotes the operator defined in (4.4). Remark. It clearly appears in the expression (4.5) that operators T L ± , and thus problem (4.3), do not depend on λ. In fact, the computed solution p L depends on λ only in the layers.
Convergence and error estimates.
We have shown that the original system (2.1)-(2.2) and system (4.1) with absorbing layers of finite length are both equivalent to problems posed only in Ω b (respectively, (2.10) and (4.3)). We are now able to compare the solutions of these two problems, which are solutions of the following variational formulations:
For the original problem (2.10):
where the sesquilinear form a Ω b (· , ·) is given by (2.12) and can be written as
with A the bounded linear operator on
For the problem with absorbing layers of finite length (4.3): find p
where the sesquilinear form a
the operator A being defined in (4.8).
To prove convergence and get error estimates, we follow an idea developed in [25] , which has also been used in [12] . 
More precisely, the constant η is determined by
where K 0 is defined in (2.4) .
Proof. From expressions (4.7) and (4.10), we have
Let us focus on the first term in the right-hand side, the estimation of the second one being analogous. From the definitions (2.8) and (4.4) of operators T + and T L + , we have, for any φ ∈ H 1/2 (Σ + ),
. This implies the following estimate:
From (4.5), we have
Noticing that, for any z ∈ C,
so that, if Im(z) < 0 and |Im(z)| is large enough, we conclude that this quantity is larger than
We can easily check, using assumption (3.8), that we have Im ((β
so that, for L large enough, the previous estimate gives us
Let us now distinguish the two cases.
The propagative modes n ≤ N 0 . From (2.5), we have
Noting that
we derive from estimate (4.14)
The evanescent modes n ≥ N 0 + 1. From (2.6), we have
This time, δ n is increasing and
. Estimate (4.14) thus yields
By substituting these estimates into (4.13), we see that
Setting η = |α| min(δ N0 Im(1/α), δ N0+1 Re(1/α)), we then have
The trace theorem now yields, for any (p,
One can obviously obtain the same estimate on Σ − and thus conclude the proof of claim (4.11).
Problems (4.6) and (4.9) can both be written in terms of these operators: 
Using estimate (4.17), we are now able to show the following result. 
with η being defined in (4.12) .
Proof. For g ∈ V , we consider the following problem: find u ∈ V such that
Problem (4.22) thus becomes
Applying the Banach fixed point theorem, this problem admits a unique solution if
which is satisfied as soon as
tends to zero as L tends to infinity, because of (4.17). Moreover, we have
which implies the following estimate:
Applying this result to the error, the solution of problem (4.20) yields
is small enough, the quantity in the right-hand side can be bounded by
the last inequality coming from (4.17). Remarks. 1. We emphasize that error estimate (4.21) of Theorem 4.4 does not depend on the parameter λ. As a consequence, exponential convergence is obtained for both the classical and the new PML models. This is the main difference between the behavior of the new PMLs and that of the classical PMLs in the time domain, as in that case the layers lead to instabilities in the presence of inverse upstream modes [19, 26, 1, 2] .
2. Note that estimate (4.21) also proves that convergence holds when the length of the layers L is fixed and |α| tends to 0. This is useful in practice for numerical computations. Indeed, L has to be small in order to reduce the number of degrees of freedom. Moreover, it is more convenient to change the value of parameter α than the length of the layers, which requires a new mesh of the computational domain.
3. The value of η is strongly related to the position of wave number k with respect to the cut-off frequencies. More precisely, for a given value of the argument θ of coefficient α, the accuracy deteriorates when k is close to a cut-off wave number (see Figure 8 ).
Varying coefficients.
In practical computations, it is very common to use a spatially varying coefficient α(x) in the layers. Actually, it has been proven for finite difference schemes that discontinuities in α through the boundaries Σ ± generate spurious reflections after discretization [10] . In this section, we show that the analysis done previously for constant coefficients α and λ can be easily extended to varying coefficients. Let us point out, however, that the numerical results presented in the next section are obtained with constant coefficients and that no significant effects due to the discontinuities have been observed.
Let α and λ be two functions of the coordinate x, defined from R to C, such that
We assume, moreover, that α(x) satisfies (3.8) for all x > x + or x < x − . Let us consider once more problem (4.1). Since the proof of Theorem 4.1 does not use the fact that α and λ are constant in the layers, the theorem still holds, and the problem is of Fredholm type.
To establish a convergence result with respect to the size of the layers, we follow the steps of sections 4.2 and 4.3. The main point is that the modal solutions in the right-hand side layer, for instance, are now
where ϕ n is given by (2.3) and ψ ± n is defined by
It then follows from straightforward calculations that problem (4.1) is equivalent to problem (4.3) set in domain Ω b , with the following new definition for the coefficient ν
and a similar definition for ν − n (l). Note, moreover, that
so that again the coefficients ν 
where (2.4) , and N 0 denotes the integer part of K 0 .
Numerical results.
In order to illustrate the conclusions previously drawn concerning the PML models, numerical examples are presented. The following configuration is considered: the computational domain is the same as the one presented in Figure 7 , extending from x = −0.2 to x = 2.2 and y = 0 to y = 1. The layers occupy the region from x = −0.2 to x = 0 in the downstream direction and from x = 2 to x = 2.2 in the upstream direction, the thickness L of the layers then being fixed and equal to 10% of the length of domain Ω b . A compactly supported source f is given by 6.1. The no inverse upstream mode case. In this first simulation, we choose k = 10 and M = 0.3. For such values of the wave number and the Mach number, four modes are propagative, and there is no inverse upstream mode. The solution in the layers is then exponentially decaying for both the classical (i.e., λ = 0) and new PML models.
In Figure 9 , the relative error to the reference solution in the H 1 (Ω b ) norm is plotted as a function of the modulus of α for the two models. We observe no noticeable discrepancy between the classical and new PML models, which behave similarly in this case. Both curves present a minimum plateau, and we can roughly distinguish three zones, as indicated in Figure 9 :
•|α| ∈ [r 1 , r 2 ]. A very good agreement between the DtN and the PML solutions, for the classical and new PML models, is obtained for a large range of values of |α| corresponding to the plateau seen in Figure 9 . The real part of the corresponding solution is shown in Figure 10 . We also observe in this figure the effect of the flow on the propagation of sound, as the wavelength of the solution is longer downstream from the source than upstream.
•|α| > r 2 . For larger values of |α|, the layer is insufficiently absorbing, and a reflection occurs at the end of the layers, as shown in Figure 11 . •|α| < r 1 . For small values of |α|, the absorption in the layers is high, but the mesh resolution becomes too coarse to correctly represent modes in the PML medium, thus producing spurious numerical errors, as seen in Figure 12 .
We want to confirm the convergence estimate of Theorem 4.4, which implies that
To this end, the opposite of the logarithm of the relative error in H 1 (Ω b ) norm is plotted as a function of the inverse of |α| for both PML models. The exponential convergence of the method, which can be deduced from the slope of curves in Figure 13 , agrees satisfactorily with the estimation given by the theory for both PML models, as the two curves coincide for this case.
The inverse upstream mode case.
For the choice of k = 9 and M = 0.4, the last of the four propagative downstream modes (i.e., n = 3) has a negative phase velocity and is therefore called an inverse upstream mode. The solution in the downstream layer is then exponentially decreasing or increasing with the distance, depending on the applied PML model. Results for this case are shown in Figures 14  and 15 , where the relative error in the H 1 (Ω b ) norm and the opposite of its logarithm, respectively, are shown.
As one can observe in the zoom in Figure 14 , the curves of the relative error have again a minimum plateau for both PML models. This time, the size of the plateau is smaller for the classical PML and the error for this model has a rather erratic behavior for small values of |α|. The convergence of the method is nonetheless achieved for both models, with the predicted exponential rate (see Figure 15) . However, the new PML model seems better suited to practical computations, as one can choose an appropriate and optimal value of α for convergence more conveniently. 
) as a function of To conclude, Figures 16 and 17 , respectively, show the solutions for the new and classical models, the value of |α| for this case corresponding to the minimum of the curves in Figure 14 . Note that whatever the behavior of the solution in the layers, the solution in the "physical" domain remains almost the same. 6.3. Some practical remarks on the use of PMLs for time-harmonic problems. We would like to point out that the numerical analysis which has been carried out in this section was based on the knowledge of a reference solution. In practice, it would be useful to have a posteriori criteria which indicate whether the numerical solution is satisfactory or not. In transient applications, the quality of the PML model is ensured as soon as the reflections produced at the interface between the physical and the absorbing layer can be neglected. In particular, if the excitation is a pulse localized in time, the exact solution should vanish after a large time, which gives a criterion for evaluating the efficiency of the absorbing layer. The situation is completely different in time-harmonic applications. For instance, we have the following:
• The notion of reflection is more difficult to exploit: as illustrated in the previous numerical results, it is not clear how to distinguish a "reflected" wave from an "incident" wave. the ingoing solution, which is difficult to detect when one does not know the exact solution.
• However, one can note that when |α| is too small, spurious numerical errors are observed. They can be removed by refining the mesh in the layer.
Conclusion.
In this paper, we have studied PMLs for the convected Helmholtz equation. In the presence of inverse upstream modes, the solution can have arbitrarily large values in the classical PMLs, thus causing the instabilities observed in time domain applications. We have investigated a new PML model which always leads to an exponentially decreasing solution in the layer, even in the presence of inverse upstream modes. The error analysis surprisingly showed the convergence for both the classical and new models. Nevertheless, numerical results seem to indicate that the error is best controlled with the new model when inverse upstream modes are present. In order to understand the different numerical behaviors of the two models, there remains to analyze the convergence of the solution of the discretized PML models with respect to both the finite element mesh size and the layer parameters α and L. This is a preliminary step in dealing with more complex time-harmonic problems. In particular, it would be interesting to extend the present method to nonuniform flows. This gives rise to several difficulties. First, even for a parallel flow, the problem can no longer be reduced to a simple scalar equation and has to be modeled with a vectorial model, for instance linearized Euler equations or Galbrun's equation [7] . Furthermore, a modal analysis cannot be done so easily, since the orthogonality of the modes is lost and their completeness is an open question. Finally, for some flows, there exist physical outgoing unstable modes which have to be adequately treated by the absorbing model.
